We consider linear and nonlinear coherent perfect absorbers (CPAs) in multidimensional geometries and construct explicitly the respective perfectly absorbed solutions. The multidimensional CPAs have a structure of the so-called simple layers which represent the generalization of the point δ function potential to higher dimensions. The considered examples include broadband CPAs confined to a straight line (in a two-dimensional setting) and to a plane (in the three-dimensional space); CPAs for topological vortices on an absorbing circle; as well as axially-symmetric CPAs on a sphere. Additionally, it is shown that a paraxial beam propagating along a surface nonlinear CPA embedded in the three-dimensional space can be stable against perturbations. The results are interpreted in applications to optical and acoustic systems.
I. INTRODUCTION
The concept of coherent perfect absorber (CPA) was theoretically introduced in [1] , experimentally observed in [2] , and received significant attention over the last years [3] . A CPA refers to a complex potential which completely absorbs radiation incident on it without any reflection or emission of outgoing waves. It also can be interpreted as a time-reversed laser [1] , i.e., as a complex potential which emits radiation in the absence of incident one. While the simplest CPAs operate in onedimensional geometry, multidimensional CPAs are also known. In the planar 2D geometry, the perfect absorption can be implemented using composite films of finite width [4] or lossy ultrathin dielectric layers [5] . Broadband perfect absorption of microwaves by ultrathin films was demonstrated experimentally [7] . Plasmonic perfect absorption of TM-polarized modes by a patterned surface was discussed and implemented experimentally [6] , too. Further results on multi-dimensional CPAs include the absorption of electromagnetic waves incident on a spherical barrier [8] and excited inside a 2D cavity with absorbing circular boundary [9] , perfect absorption of TM-polarized modes by a metallings nanocylinders and nanospheres [10] , exploiting coupling to the surface plasmons. Beyond the optics, cylindrical CPAs for acoustic waves have been reported on in [11] .
Both CPAs and lasers in 1D geometry are characterized by a specific value of the wavelength absorbed and emitted, respectively. Finding such a wavelength requires fine tuning of the parameters. Once the respective wavelength is found and other parameters are fixed, shifting the wavelength (frequency) from the resonant value destroys the CPA or the laser. In 1D, where the theory can be formulated either in terms of the scattering matrix [1] or in terms of the transfer matrix [12] , the effect of the "destroying" a CPA or a laser can be easily understood in terms of the zeros of the respective diagonal elements of the transfer matrix, which are displaced from the real axis under the change of the wavelength or of the system parameters. In 2D and 3D cases, there appears an additional degree of freedom, expressed by the angle of incidence of a beam. Thus even for a monochromatic wave one can pose the question of creating CPAs or lasers operating in a finite-band angular spectrum. Physically, this means that such devices totally absorb or emit radiation at different angles of incidence (emission).
Another aspect of the theory, relevant to the present study, is a possibility of finding exact analytical solutions for either CPA (or laser) models. When such solutions are available, they allow for quite complete understanding of the phenomenon. However, even in the 1D setting the problem of spectral singularities (or time-reversal spectral singularities) is not solvable analytically, except for a very few cases, like potentials modeled by the Dirac delta-function [18] .
In the present paper, we introduce line (in 2D) and surface (in 3D) absorbing or active potentials which (i) allow for exact analytical solutions, (ii) some of them operate as broadband CPAs (or lasers), (iii) bear Kerr nonlinearity. The corresponding solutions feature totally absorbed incoming radiation without emission (or perfectly emitted radiation without incoming one) in a finite range of the incident angles, although the requirement for the wave to be monochromatic remains.
Absorption of all incoming radiation by linear potentials embedded in nonlinear media was reported previously for effectively 1D [13] and 2D [14] Bose-Einstein condensates. In this work, our interest is in absorbing potentials having either finite or infinite spatial extensions which are either linear or nonlinear and are embedded in a linear medium. In the latter sense, the presented results can be viewed as multidimensional extensions of 1D nonlinear CPAs reported in earlier studies [15] . We show that the multidimensional CPA can be made nonlinear, still preserving the above properties of allowing for exact solutions and operating in a finite range of the wavelengths.
From the mathematical point of view, the potentials considered here are known as simple layers [16] which describe the Dirac δ function "distributed" on a line or on a surface. Simple layers model either absorbing (active) wires incorporated in thin planar waveguides or absorbing (active) surfaces in the three-dimensional space.
The approach employed in this paper is somewhat different from the used in conventional scattering problems, where for given a potential one studies the scattered radiation. We adopt the "inverse engineering" approach (similar to one used in [17] for constructing complex potentials and the respective solutions) where for a given incident wave we construct the distribution of gain-loss landscape, and eventually nonlinear Kerr coefficient of a simple layer ensuring the total absorption or lasing of a given wave.
The rest of the paper is organized as follows. In the next section II we introduce the main model which is the multidimensional Helmholtz equation with a simple layer potential. In Sec. III we study the CPAs confined to the lines or curves in a two-dimensional plane. Simple layer CPA for vortices are discussed in Sec. IV. In Sec. V we consider the stability of a paraxial beam propagating along the absorbing simple layer. we are interested mainly in optical applications of our results, although in Sec. VI we extend some of the results of the previous sections onto the case of acoustic CPA confined to an absorbing spherical layer. Section VII concludes the paper.
II. LINE AND SURFACE POTENTIALS
We are interested in absorbing or lasing potentials of two geometries: (i) a line (curve) in R 2 , and (ii) a surface in R 3 . Such potentials can be described using distributions δ S (r), which are referred to as simple layers [16] and represent multidimensional generalizations of the Dirac δ function. A simple layer δ S (r) is defined by the following characteristic property:
Here r ∈ R D (in our case D = 2 or 3), f (r) is a complexvalued test function, and S is the set of points forming the curve or the surface where the potential is confined. Respectively, the integral S dS in the r.h.s. of (1) is a curvilinear integral or a surface integral (for the sake of brevity below S is referred to as surface in either case). We will use the property δ S (r/ ) = δ S (r), which is valid when the dimension of the simple layer is D − 1. The characteristic scale > 0 is introduced to make δ S (r/ ) physically dimensionless.
Let us assume that the surface S is characterized by the permittivity 1 + ε(r) whose variation is complex-valued: ε(r) = ε 0 (r) + iγ(r), where r = (x, y, z). The parts of the surface with γ(r) > 0 [γ(r) < 0] are absorbing [active] . In a general case it will be also allowed for the layer to bear Kerr nonlinearity described by the real-valued function χ(r); χ(r) > 0 [χ(r) < 0] corresponds to a defocusing [focusing] surface.
We consider a monochromatic wave, with the frequency ω, incident on the surface S (from different sides) and thus governed by the Helmholtz equation:
where ψ is one of the components, E x,y,z , of the electric
r is the 3D Laplacian, k 0 = ω/c, and c is the speed of light in vacuum.
Below, when discussing the electric field, we deal only with the Helmholtz equation (2), rather than with the complete system of Maxwell's equations. Thus, strictly speaking, only the continuity of the tangential components of the electric field will be satisfied, while the field derivatives will have discontinuities at surfaces [these discontinuities are determined by ε(r)]. Such a wave will have discontinuity of the tangential component of the magnetic field, that is only possible in the presence of the respective surface currents. For a particular example considered in Sec. III B, this is a current induced in the conducting (absorbing) surface. Respectively, the obtained surface potential is a CPA for the electromagnetic wave (i.e. for a nondiffractive vectorial field polarized in the plane parallel to the surface).
In Sec. VI we will also address Eq. (2) from the point of view of acoustic applications, where ψ will be interpreted as variation of pressure while the simple layer will model an absorbing surface.
III. LINE POTENTIALS IN A PLANE
First we address the situation where a simple layer is zindependent, i.e., it can depend only on x and y. Then, looking for a solution of Eq. (2) in the form of a TEpolarized beam E = (0, 0, ψ(x, y)), we reduce (2) to the 2D Helmholtz equation
where ρ = (x, y), ∇ ⊥ = (∂ x , ∂ y ), and the parameter introduced above is chosen as = 1/k 0 = λ/(2π), where λ is the wavelength of the incident beam.
A. Straight-line CPA
We start with the simple example when S is a straight line which coincides with the x axis. Such a potential in (3) takes the form
where δ(y) is the conventional Dirac delta function, and ε(x) describes the variation of the dielectric permittivity along the line. Additionally, we assume that the layer is linear, i.e., χ(ρ) ≡ 0. In order to construct a CPA, i.e., to find distributions of losses (and eventually of gain for construction of a laser) assuring absorption of incident waves for some angles of incidence in the plane (x, y), we look for an incident-beam solution of (3) in the form
where a ± (q) are, so far, arbitrary complex functions describing amplitudes of the angular-spectrum of the incident beam. Obviously, Eq. (5) solves the 2D Helmholtz equation (3) in the free space, and is continuous at y = 0, i.e. at the points where the line-potential (4) is located. Imposing the matching condition for the field derivative at y = 0, one can solve the problem as follows. Given an angular-spectrum distribution of a beam incident from both sides of the surface, i.e., given a ± (q), one can design the dielectric permittivity landscape ε(x) which operates as a CPA, i.e., absorbs the incident beams entirely. The solution of this problem is given by
and is valid for any beam for which the field is different from zero at y = 0. A simple example is given by the CPA for an incident plane wave, as well as for a superposition of plane waves having the same wavelength and equal angles of incidence, θ, the latter defined by cos θ = q/k 0 . Consider a ± (q) = α ± δ(q − k ), where k ∈ (0, k 0 ). Then ε(x) ≡ 2ik /k 0 , i.e., ε 0 ≡ 0, and the CPA is characterized by a uniform distribution of the absorption: γ(x) ≡ 2k /k 0 . The corresponding perfectly absorbed solution reads
Here α ± describe amplitudes of the absorbed waves which propagate in opposite x-directions towards the potential as illustrated in Fig. 1 .
B. Absorbtion for nondiffracting paraxial beams
The obtained CPA is a straightforward generalization of the 1D result [18] . It also can be viewed as broadband CPA if considered in the context of 3D scattering described by Eq. (2) . In this context line (4) is nothing but the absorbing plane located at y = 0. Let us now take into account that z-component of the electric field of the form ψ(x, y)e ikzx formally solves the Helmholtz equation with ψ(x, y) given by (5), (6) 
where α s1s2 (k z ) describe the angular spectra of the beams. Such solution will be coherently absorbed by the surface y = 0 characterized by the absorption
where σ is the surface conductivity. Representing k z = k 2 0 − k 2 sin ϕ and considering ϕ as an integration variable, we convert (9) to the form
where
Using a proper superposition of these four beams, one can readily construct a general nondiffracting beam [19] ψ(r) = e Although, expression (12) formally solves Helmholtz equation (2) with the absorbing plane, being interpreted as a component (say, z-component) of the electric field, it does not represent the exact solution for the electric field because such field is not a TE wave, and hence the boundary conditions for the field component normal to the surface have to be imposed. Nevertheless, there are at least three cases when formula (12) acquires physical meaning.
First, if z-component of the incident field has much larger amplitude than the other two components: |E x,y | |E z |, then expression (12) becomes the leading order approximation for the field. This, in particular, occurs for the paraxial beams, characterized by a sufficiently narrow angular spectrum A(ϕ) with the maximum at ϕ = 0, π [notice that the the δ-limit A(ϕ) = δ(ϕ) or A(ϕ) = δ(ϕ − π) one recovers the plane wave solutions (8) ]. In this case, however, the absorbing is not perfect, since it occurs only the z−component of the field in the leading approximation.
Second, solution (12) acquires physical meaning for the pressure field absorbed by a layer (this application is discussed also in Sec. VI).
Finally, an interesting situation, when the plane is a CPA for nondiffractive beams, occurs when, the beam polarization is in (x, z)−plane, i.e. when it is parallel to the absorbing with the absorption defined by (10) . Nondiffractive solutions in vacuum, can be constructed using the expression of (12) type for x− and z−components of the field. Indeed, it is straightforward to verify that the field
where A(ϕ) is a scalar function andî andk are the unitary vectors along x and z axes, solves Helmholtz equation (2) with absorbing plane [and χ(r) ≡ 0], is polarized in the plane of the absorbing layer, and is divergence free:
The electric field (13) satisfies the continuity boundary conditions at y = 0. However, the respective magnetic field B = 1/(ik 0 )∇ × E in a general case, has continuous only the normal component, while its tangential component B t has discontinuity, which is determined by the discontinuous derivatives of the electric field:
Thus in order for the beam (13) to be coherently absorbed, there must exist a surface current determined by (14) . One can ensure that in the case at hand such a current is induced in the conducting surface by the incident field and is given by the Ohm's law:
where σ is defined by (10).
C. Line absorber with periodic dielectric permittivity
A more complex example is the incidence of two plane waves with different y-projections of the wavevectors:
on the absorbing potential in a form of a line n 2D. If the real amplitudes of the modes are different, i.e. α + = α − , one computes the distribution
which is a periodic function of x, with the period L = 2π
In the limit |α + | → |α − |, the distribution ε(x) becomes singular at the points x n = L/2 + 2πn (where n is integer). This is a dimensional effect. It occurs due to the destructive interference of the incident waves propagating in opposite x−directions (i.e. parallel the simple layer). Indeed, now the field intensity in the points (x n , y) becomes zero at nonzero field gradient. Since the discontinuity of the gradient is proportional to the field intensity, it cannot be "induced" by any finite potential in the points x n where the field is zero. An essential difference from the previous case of the constant dielectric permittivity is that the broken translational invariance along the absorbing line, makes ε(x) k 0 -dependent, i.e. its CPA can be realized now only for the given left-and right-incident waves. Now the dielectric permittivity has both real and imaginary parts modulated. An unusual property, is that the described coherent perfect absorption depends on the relation between the complex amplitudes, α − /α + , rather than on the wavevectors only.
Potential (17) has more sophisticate structure, than homogeneously absorbing layers considered in the previous subsections. It requires specific periodic modulation of real and imaginary parts of the dielectric permittivity, with the modulation period larger than the half of the wavelength, L > λ/2. Since, from the practical point of view, the delta function can be viewed as an idealized limiting model of a sufficiently narrow dielectric layer, the desired configuration can, in principle, be achieved by doping the dielectric by resonant impurities. Practical implementation of such a simple layer remains a demanding open task.
D. Nonlinear straight-line CPA
Now we consider the nonlinear problem (4) with a real Kerr nonlinearity, i.e., we let the CPA-line bear defocusing nonlinearity with the strength distribution given by the function χ S (ρ). 1D nonlinear CPA were previously studied in [15] . We again focus on a simple case when the absorber is confined to the straight line y = 0. Since in the plane (x, y) outside the line the field solves the homogeneous Helmholtz equation, we consider incidence of a single plane wave from each side of the absorbing line (rather than beams considered above), i.e., we look for solution of (4) in the form
where a > 0 is the wave amplitude, and the freedom of choice s reflects the invariance of the model under the inversion of the x axis. Solution (19) is formally tantamount to that obtained for the linear CPA on a line [Eq. (8)] with α + = 0 or α − = 0 (Fig. 1) . However, in the nonlinear case the matching condition for the y−component of the field gradient acquires the form
Recalling that the dielectric permittivity of the simple layer is a complex function, and allowing for its real part to vary, ε = ε 0 (x) + iγ, we observe that a solution of (20) can be found in the case when the dielectric permittivity and nonlinearity strength are connected as ε 0 (x) = a 2 χ(x). The perfectly absorbed wave has the form
which is valid for ε 0 (x)χ(x) > 0 and sufficiently small losses: γ 2 < 4.
IV. NONLINEAR CPA FOR VORTICES
All CPAs considered above have infinite extensions. Now we consider an example with different properties. We are interested in a spatially limited CPA which has nonzero curvature, and is embedded in the 2D space. More specifically we describe a CPA in a form of a circle (in 3D this CPA has the cylindrical form) of the radius ρ > 0 centered at the origin. Concentrating on the simplest case, we assume that the distributions of dielectric permittivity, losses, and nonlinear coefficient are constant on the circle, i.e. ε(r) ≡ ε and χ(r) ≡ χ. In the dimensionless polar coordinates (ρ, ϕ), where ρ = x 2 + y 2 and ϕ is the polar angle, Helmholtz equation (2), for the electric field in the form E = ψ(ρ)k, takes the form
We look for solutions carrying integer vorticity (topological charge) m: ψ = e imϕ R(ρ). Then in the free space we have the well known equation
whose general solution is a linear combination of the Bessel functions J m (k 0 ρ) and Y m (k 0 ρ). First, we require the continuity of the field on the circle S: R(ρ − 0) = R(ρ + 0). The second conditions is the discontinuity of the derivative normal to the simple layer:
Note that, generally speaking R(ρ) is a complex valued function, but its amplitude and argument are functions of the radius only.
Using the cross-product
the sought solution can be written down as
where C is an arbitrary constant.
It is instructive to illustrate the obtained solution using the quantity Π which is proportional to the radial projection of the Poynting vector (the proportionality coefficient depends on the physical units used):
One immediately observes that Π(ρ) = 0 for ρ < ρ , and hence there is no radiation incident over the absorber in the inner domain. For ρ > ρ one computes
In the absorbing regime, γ > 0, the radial component of the Poynting vector Π(ρ) is negative, which is consistent with the energy transfer from the infinity towards the absorbing surface. The found solution however is, in general, not a CPA solution, since it contains both incident and reflected waves. Indeed, using the well-known asymptotic behavior for Bessel functions:
we observe that at large polar radii solution (25) becomes a linear combination of functions e −ik0ρ / √ k 0 ρ and e ik0ρ / √ k 0 ρ i.e., of incoming and outcoming radiation, respectively. The CPA regime is characterized by the absence of any reflected radiation. This means that the general solution (25) corresponds to the CPA only if the contribution with e ik0ρ / √ k 0 ρ vanishes. Performing straightforward computation, we obtain that this condition is satisfied if the variation of the dielectric permittivity is chosen as
. (29) The imaginary part of the dielectric permittivity is positive reflecting the fact that in the CPA regime the circle is absorbing. The real part of the dielectric permittivity can be tuned by the nonlinearity coefficient χ and by the amplitude of the absorbed solution C. On the other hand, relation (29) can be viewed as the definition of the intensity of the perfectly absorbed nonlinear vortex for a given ε , and suitable choice of the nonlinearity χ ensuring the existence of solution of (29) with respect to |C| 2 . Additionally we notice that if k 0 ρ is a zero of the Bessel function J m (k 0 ρ ), then the expression for ε diverges, which means that the CPA operating at the given wavelengths cannot be implemented using a surface of the corresponding radius.
Substituting (29) to (25), we finally obtain that in the exterior domain of the circle the CPA solution for perfectly absorbed vortices is given by the expression
where H In contrast to the CPA solution on the straight line (21), the nonlinear CPA solution (30) features the algebraically decaying field amplitude. Inside the absorbing circle, both the the incident and reflected radiation exist, although they are balanced inside the circle (in fact this property is more general and holds for any, either perfectly or not perfectly, absorbed vortex). Outside the circle only the incident radiation exists, which means that the layer operates as a one-sided CPA, in contrast to the nonlinear CPA on the line constructed above in (21), where the radiation is absorbed perfectly from both sides of the line. This property is physically natural, since perfect absorption of the radiation of the cavity inside the circle would require the existence of a source also located inside the cavity.
As a particular example, let us address in more detail the case when the nonlinearity-assisted CPA is implemented using an absorbing layer with the real part of the dielectric permittivity fixed to be equal to zero, i.e., ε ,0 = 0. From (29), the corresponding requirement reads
If the nonlinearity is defocusing (χ > 0) then the nonlinear CPA on such a layer is possible only if in Fig. 2 . In this figure, the nonlinearity coefficient is fixed (χ = 0.1) and the amplitude of a vortex perfectly absorbed by a purely imaginary layer is computed from (31).
The constructed CPA solution can be easily converted to the solution on a lasing circle. To this end, it is sufficient to take the complex conjugate of R (ρ) and of ε (that is to invert sign of imaginary part of the dielectric permittivity replacing the absorbing surface with a lasing one).
VII. CONCLUSION
In this work, we have constructed explicit solutions for several examples of coherent perfect absorbers (CPAs) confined in straight lines or surfaces embedded in twodimensional and three-dimensional spaces. From the mathematical point of view, the considered surfaces represent simple layers, which are multidimensional generalizations of the Dirac delta function. We explored different geometries, including line, surface, cylindric and spheric surfaces. Both linear and nonlinear CPAs are presented. Some of the surface CPAs appear to be broadband with respect to the angular spectrum of incidence. The closed lines or surfaces perfectly absorbing vortices do not require incident energy flows from both sides of the surface, and in this sense can be viewed as unidirectional CPAs. Nevertheless, the field is nonzero in the interior domain of the CPA-surface and perfectly absorbed vortices are characterized by the energy flows tangential to the surface either in the interior and exterior domains of the respective CPA. Stability of the resulting CPA solutions on nonlinear surfaces has been demonstrated, provided that the intensity of the solution is below a certain threshold value.
Finally, the presented coherent perfect absorbers can be straightforwardly transformed in multidimensional simple-layer lasers by changing absorption by gain.
